
Stokes͛ Theoreŵ
modernized

(with added hand waving)



The Gradient Theoremන ܙ,ܘ ߘ ݂ ܚ ܚ� = ݂ሺܚሻ ቚܙܘ
The integral of the grad of a function along a curve is 

equal to the difference of the function between the 

two ends.



Stokes’ Theoremඵ�ߘ × � ڄ �� = ර�� ∙ ��
The integral of the curl of a vector field over 

a surface is equal to the line integral of the 

vector field along the perimeter. 



The integral of the div of a vector field within a volume 
is equal to the integral of the field normal to the 
surface. 

The Divergence Theoremම�ሺߘ ∙ �ሻ �� =ශ�� ∙ ��



In Modern FormනΩ�߱ = නడఠ߱
The integral of the exterior derivative of a differential 

form ߱ over an orientable manifold Ω is equal to the 

integral of the differential form over the boundary of the 

orientable manifold.



So what is a differential form?

This is a 1-form, a value for a line element. A function with 
Ŷo d s͛ is a 0-form. �dݔ ∧ dݔ
Is a 2-form or bivector giving the value for a surface element.

͚∧͛ is the wedge product operator.

ω = F∙dr

= ௫݂ dݔ + ௬݂ dݕ + ௭݂ dݖ



The Wedge Productdݔ ∧ dݕ = −dݕ ∧ dxdݔ ∧ dݔ = Ͳ
In 2 dimensions the space of surface element 2-forms dݔ ∧ dݕ is one dimensional. In 3 dimensions the space 
of 2-forms is 3-dimensional.

Surface elements at a point in 3-dimensions can be 
considered as forming a 3 dimensional  vector space.



Calculating a surface elementሺ ௫݂ dݔ + ௬݂ dݕ + ௭݂ dݖ) ∧ ሺ݃௫ dݔ + ݃௬ dݕ + ݃௭ dݖ)

= ሺ ௫݂ ݃௬ - ௬݂ ݃௫ ) dݔ ∧ dݕ +ሺ ௬݂ ݃௭ - ௭݂ ݃௬ ) dݕ ∧ dz +ሺ ௭݂ ݃௫ - ௫݂ ݃௭ ) dݖ ∧ dx
Only the plane and area 

matters, not the shape

df
dg

df∧dg



Exterior Derivative

Given by d݂ = ݔ߲݂߲ dݔ + ݕ߲݂߲ dݕ + ݖ߲݂߲ dݖd ߚ⋀ߙ = dߚ⋀ߙ + ሺ−ͳሻߙ⋀dߚ
Where ߙ is a k-form.



Um uh - why is that useful?
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And for the 2-form - div



Hodge Star changes k-form to n-k form × ݍ = څ gradݕ⋀ ݂ = ߘ ݂ = d݂⋆url � = ߘ × � = څ d�div � = ߘ ∙ � = څ d څ �∆݂ = 2݂ߘ = څ d څ ݂
Type equation here.


